Let A be a semisimple Banach algebra with || • ||, which is a dense subalgebra of a semisimple Banach algebra B with |-| suchthat ||-|| majorizes | • | on A . The purpose of this paper is to investigate the dual property between the algebras A and B . Some well-known results follow from this paper.
Introduction
Let A be a semisimple Banach algebra with norm || • || which is a dense subalgebra of a semisimple Banach algebra B with |-| suchthat ||-|| majorizes | • | on A . The purpose of this paper is to investigate the dual property between the algebras A and B .
It is shown that if A is a dual algebra, then B is a dual algebra if and only if, R = clB(R(l A), for any proper closed right (left) ideal R of B . On the other hand, if B is a dual algebra, then A is a dual algebra if and only, for any proper closed right (left) ideal N of A , N = clB(N) n A and for any proper closed right (left) ideal R of B, R = clB(R n A). If A is a two-sided ideal of B and B has a bounded right approximate identity and a bounded left approximate identity, then we show that A is a dual algebra if and only if B is a dual algebra and x G clA(xA)C\clA(Ax) for all x in A . Some well-known results follow from our results.
Notation and preliminaries
Definitions not explicitly given are taken from Rickart [5] . Let A be a Banach algebra. For any subset E of A, let clA(E) denote the closure of E in A and ¿A(E) (resp. rA(E)) the left (resp. right) annihilator of E in A. Then A is called an annihilator algebra if ¿A(A) = rA(A) = (0) and if for every proper closed right ideal / and every proper closed left ideal J lA(I) Í (0) and rA(J) ¿ (0). If, in addition, rA(lA(I)) = I and lA(rA(J)) = J , then A is called a dual algebra.
An idempotent e in a Banach algebra A is said to be minimal if eAe is a division algebra. In case A is semisimple, this is equivalent to saying that Ae (resp. eA) is a minimal left (resp. right) ideal of A .
We say that a Banach algebra A has a right approximate identity if there exists a net {ut} in A such that x = lim.xw; for all x in A. {ut} is not necessarily bounded. Analogously we define a left approximate identity.
Notation. If A is a Banach algebra which is a dense subalgebra of a Banach algebra ß , then we write || • || for the norm on A and | • | for the norm on B .
In this paper, all algebras and linear spaces under consideration are over the field C of complex numbers.
3. Banach algebra which is a dense subalgebra in another banach algebra
In this section, A will be a semisimple Banach algebra which is a dense subalgebra of a semisimple Banach algebra B suchthat ||-|| majorizes |-| on A . Let E be a subset of A . Then it is clear that £B(E) = iB(clA(E)) = ¿B(clB(E)) and rB(E) = rB(clA(E)) = rB(clB(E)). Similarly, we can show that £B(rB(R)) -R, if R is a closed left ideal of B. Therefore B is a dual algebra. This completes the proof of the theorem. The following result is useful in the next section. Similarly, we can show that J = ¿A(rA(J)) for any closed left ideal J of A. Therefore A is a dual algebra and this completes the proof of the theorem. ( 1 ) A is a dual algebra. Theorem 4.1. Suppose that B has a bounded right (resp. left) approximate identity {ut}. Then A has a right (resp. left) approximate identity if and only if x G clA(xA) (resp. x G clA(Ax)) for all x in A.
Proof. If A has a right approximate identity, then clearly, x G clA(xA) for all x in A.
Conversely, suppose that x G clA(xA) for all x in A . By [2, p. 486, Lemma 2.1], we can assume that {ut} c A . We show that {ut} is a right approximate identity of A . Since {ut} is bounded in B , there exists a constant K such that \ut\< K for all t. Let x e A . Since x e clA(xA), for given e > 0, there exists y G A , such that ||x-x>>|| < e/3MK(< e/3). Since {ut) is a right approximate identity of B, there exists t0 such that, for t > tQ, \y -yut\ < e/3M\\x\\. Therefore, \\x -xut\\ < \\x -xy\\ + \\xy -xyut\\ + \\xyut -xw(|| < \\x -xy\\ + M\\x\\ \y -yut\+ M\\xy -x\\ \ut\ < e/3 + e/3 + e/3 = e.
Therefore {ut} is a right approximate identity of A . This completes the proof.
Remark. If A has a bounded right (or left) approximate identity, then A -B . In fact, suppose that {ut} is a bounded right approximate identity of A with II«, II < K, where K is a constant. Then, for each x in A , we have 11*11 < ||* -etx\\ + \\e,x\\ < \\x -etx\\ + Aí||er|| \x\ ( 1 ) A is a dual algebra. (2) B is a dual algebra and x G clA(xA) nclA(Ax) for all x in A.
Proof. (1) =î- (2) . Assume that A is a dual algebra. Then by [5, p. 105, Corollary (2. 8.3) ], x G clA(xA) n clA(Ax) for all x in A. Since B has a bounded right approximate identity and a bounded left approximate identity, by Theorem 3.2, B is a dual algebra.
(2) => (1). Assume that (2) is true. Let {ut} be a bounded right approximate identity of B. Then by Lemma 4.1, we can assume that {ut} is a right approximate identity of A. Let R be a closed right ideal of B and y G R. Since yut G R n A and yut -► y in | • |, it follows that y G clB(R n A). Therefore R c clB(R n A), and so R = clB(R n A). Let N be a closed right ideal of A and x G clB(N) n A. Write x = limn xn in | • | with xn G N. Let z e A .
Since xnz G N and ||xz -xnz|| < Af|x -xj ||z||, it follows that xz G N ; in particular xwr G TV for all t. Since xwr -» x in || • ||, it follows that x e N. Therefore clB(N)C\A c TV and so N = clB(N)ilA . A similar statement is true for left ideals. Therefore, by Theorem 3.4, A is a dual algebra. This completes the proof of the theorem.
The following result was proved by Johnson and Lahr (see [3, p. 313, Theorem 2]). Corollary 4.3. Let A be an A" -algebra that is a dense two-sided ideal of a B*-algebra B. Then A is a dual algebra if and only if B is a dual algebra and A is dense in A .
Proof. Suppose that A is a dual algebra. By Theorem 4.2, B is a dual algebra. Since the socle of A is dense in A, A2 is dense in A .
Conversely, suppose that B is a dual algebra and A is dense in A . Then by [3, p. 312, Theorem 1], A has an approximate identity, and so x G clA(xA) n clA(Ax) for all x in A . Therefore by Theorem 4.2, A is a dual algebra.
